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An analytic approach to the theory of the optical defect modes in chiral liquid crys-
tals (CLC) is developed. The analytic study is facilitated by a special choice of the
problem parameters. The dispersion equation determining connection of the defect
mode frequency with the isotropic (defect) layer thickness is given. Analytic expres-
sions for the transmission and reflection coefficients of the defect mode structure
( CLC-defect layer-CLC) are presented and analyzed for nonabsorbing, absorbing
and amplifying CLC. The effect of anomalously strong light absorption at the defect
mode frequency is revealed. It is shown that in DFB lasing in a defect structure
adjusting of the lasing frequency to the DM frequency results in a significant
lowering of the lasing threshold. Numerical solutions of the DM dispersion equation
are performed for typical values of the related parameters.

Keywords Anomalous absorption; chiral LC; localized defect modes; low
threshold lasing

1. Introduction

Recently there was a very intense activity in the field of localized optical modes, in
particular, defect modes in chiral liquid crystals (CLC) mainly due to the possibilities
to reach a low lasing threshold for the mirrorless distributed feedback (DFB) lasing
[1-4], to use the defect modes as narrow band filters [5,6] and to enhance the non-
linear optical high harmonic generation [7] in chiral liquid crystals. The defect modes
existing as a localized electromagnetic eigen state with its frequency in the forbidden
band gap at the structure defect were investigated initially in the three-dimensionally
periodic dielectric structures [5]. The corresponding defect modes in chiral liquid
crystals, and more general in spiral media, are very similar to the defect modes in
one-dimensional scalar periodic structures.

They reveal abnormal reflection and transmission inside the forbidden band gap
[1,2] and allow DFB lasing at a low lasing threshold [3]. The qualitative difference
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with the case of scalar periodic media consists in the polarization properties. The
defect mode in chiral liquid crystals is associated with a circular polarization of
the electromagnetic field eigen state of the chirality sense coinciding with the one
of the chiral liquid crystal helix. There are two main types of defects in chiral liquid
crystals studied up to now. One of them is a plane layer of some substance differing
from CLC dividing in two parts a perfect cholesteric structure and being perpendicu-
lar to the helical axes of the cholesteric structure [1]. Other one is a jump of the
cholesteric helix phase at some plane perpendicular to the helical axes (without inser-
tion any substance at the location of this plane) [2]. Recently, a lot of new types of
defect layer were studied [8-14], for example, the CLC layer with the pitch differing
from the pitch of two layers sandwiching the defect layer [8]. It is evident that there
are many versions of the dielectric properties of the defect layer, however, the
consideration below will be limited by the mentioned above two main types of
defects in chiral liquid crystals.

Almost all studies of the defect modes in chiral and scalar periodic media were
performed by means of a numerical analysis with the exceptions [15,16], where the
known exact analytical expression for the eigen modes propagating along the helix
axes[17,18] were used for a general studying of the defect mode associated with a jump
of the helix phase. The used in [15,16] approach looks as a very fruitful one because it
allows to reach easy understanding of the defect mode physics and it is why it deserves
further implementation in the studying of the defect modes and, in particular, in spe-
cific cases allowing essential simplification of the general relationships related to the
defect modes. In general, the helical media are the unique periodic structure admitting
a simple exact analytic solution of Maxwell equations and, naturally, this advantage
of the helical media compared to the other periodic media has to be completely
exploited in solving specific boundary problems, related to the defect modes. In the
present paper an analytical solution of the defect mode associated with an insertion
of an isotropic layer in the perfect cholesteric structure is presented and some limiting
cases simplifying the problem are considered (see also [25]).

2. Boundary Problem

To consider the defect mode associated with an insertion of an isotropic layer in the
perfect cholesteric structure we have to solve Maxwell equations and a boundary
problem for electromagnetic wave propagating along the cholesteric helix for the
layered structure depicted at Figure 1.

As it is known [17-21] the eigenwaves corresponding to propagation of light in
chiral LC along the spiral axis, i.e., the solution of the Maxwell equation

PE  _, , OE
o2 = 5 M

are presented by a superposition of two plane waves of the form
E(z,t) = e "'[E"n, exp(iK"z) + E n_exp(iK ™ z)], (2)

where o is the light frequency, c is the speed of light, &(z) is the CLC dielectric tensor
[17-21], circular polarization vectors ni = (e, % ie,)/ V2, where e, and e, are
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Figure 1. Schematic of the CLC defect mode structure with an isotropic defect layer.

the unit vectors along the x and y axis, and the wave vectors K= satisfy to the
condition

Kt'—K =1, (3)

The wave vectors K in four eigen solutions of (1) are determined by the Eq. (3) and
the following formula

Kf — 2+ k{1 + (r/2k)2 + [(r/k)z + 52}1/2}1/27 (4)

where j numerates the eigen solutions and x = ws(l)/ 2c, 0 is the CLC dielectric
anisotropy and t=4n/p, where p is the CLC pitch. Two of the eigen waves corre-
sponding to the circular polarization with the sense of chirality coinciding with the
one of the LC spiral experience strong diffraction scattering at the frequencies in
the region of the stop band. Other two eigenwaves corresponding to the opposite cir-
cular polarizations are almost not influenced by the diffraction scattering even at the
frequencies of the stop band for the former circular polarization.

Because, as it is known [2,3,15,16], the specific of the defect modes in chiral LC is
connected with the eigen waves of diffracting polarization we shall restrict ourselves
below by the consideration of propagation of light of a diffracting polarization only
due to the assumption that the average dielectric constant of the CLC ¢, coincides
with the dielectric constant of the isotropic external medium and of the isotropic
layer inserted between two cholesteric layers.

We shall assume (see Fig. 1) that the chiral LC is presented by two perfect planar
layer of thickness L with a spiral axes perpendicular to the layer surfaces with an
insertion of an isotropic layer of thickness d between. Begin the consideration of a
linear boundary problem in the formulation which assumes that two plane waves
of the diffracting polarization and of the same frequency are incident along the spiral
axis at the both CLC layers (see Fig. 1) from the opposite sides.

Two diffracting eigen solutions with the structure determined by Eq. (2)
are excited in the both cholesteric layers. The amplitudes of the two diffracting
cigenwaves denoted ET* and E™ for the upper and Ef? and E™ for the bottom
layer, respectively, have to satisfy to the following system of four linear equations
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[20,21]

Ef"+ E* = Ey
explikd] exp[iK| L_]E " + explikd] exp[iK* L_]E*"
= expliK{ L.]E" + exp[iK" L |E™
& expliK, L_|Ef" + & exp[iK_L_|E™"
= explikd)¢" expliK; Li|ET? + explikd)¢™ expliK~ L |E™
expli2K; L_)ETE? + expli2K, — L|¢"EM = Ey, (5)
where E;, and E;; are the amplitudes of the waves of diffracting polarization incident
at the cholesteric layers from the top and the bottom of the structure at Figure 1,

respectively, 2L is the whole CLC structure thickness, d is the isotropic layer thick-
ness, L. =L+d/2 and

Kf=1/24+q, Kl =K/ —-1=-1/24¢

+_ Ep + (6)
&= B /(KL — 1)/l = 1],
where
g =1{1 + (t/2)° = [(¢/x0)* + 672} /2. (7)

The frequency at the sto? band centre (Bragg frequency wp) is given by the formula
wp = 27zc/pa(1)/ 2= rcs§ 1 /2 and the band-edge frequencies wF are determined by
ot = wp/[l — (£6)"7).

If one assumes E;, (E;;) is the only nonzero amplitudes the Eq. (5) describe the
reflection and transmission of light incident at the structure (Fig. 1) from above
(down).

In this case the reflection and transmission coefficients of the defect structure
(Fig. 1) are given via the solution of Eq. (5) by the following formulas:

R(d,L)=ETET" + EET, (8)
T(d,L) = exp[i(2KT L + kd)|ET" + exp[i 2K L + kd)]E*, (9)

if one assumes that only the incident from above wave exists (E;,, # 0, E;;=0).
However there is another option to obtain formulas determining the optical
properties of the structure depicted at Figure 1. If one use the expressions for the
amplitude transmission 7(L) and reflection R(L) coefficient for a single cholesteric

layer (see also [20,21]) the transmission |T(d, L)|* and reflection |R(d, L)|* intensity
coefficients for the whole structure may be presented in the following form:

\T(d,L)|* = |[T.Tyexp(ikd)]/[1 — exp(2ikd)RqR,]|*, (10)

IR, L) = |{R. + R,T.T, exp(2ikd)/[1 — exp(2ikd)RRJ}P, (1)
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Figure 2. T(d) versus the frequency (v/d =2(w — wp)/(dwp) — 1, here and at all other figures)
for a nonabsorbing CLC (y=0) at d/p=0.1 (a), d/p=0.25 (b), 22N =200, where N is the
director half-turn number at the CLC layer thickness L.

where R, (T,), R, (T,), and R, (T,) are the amplitude reflection (transmission) coeffi-
cients of the CLC layer [25] (see Fig. 1) for the light incidence at the outer (top) layer
surface, for the light incidence at the inner top CLC layer surface from the inserted
defect layer and for the light incidence at the inner bottom CLC layer surface from
the inserted defect layer, respectively. It is assumed in the deriving of Egs. (10, 11)
that the external beam is incident at the structure (Fig. 1) from the above only.

At Figure 2 only 7(d) calculated according Eq. (10) is presented because for a
nonabsorbing structure [R(d, L)*| + |T(d, L)*| =1.

3. Defect Mode

The pure defect mode (DM) is determined by Eq. (5) for E;,= E;;=0, i.e., by the
solution of Eq. (5) if no waves are incident from outside at the structure depicted
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at Figure 1. So, the defect mode frequency wp is determined by zero value of the
determinant of the system (5):

Det(d, L) = 4{exp(2ikd) sin’ gL — exp(—inL)[(tq/x*) cos qL
+i((r/2x)7 + (q/K)* — 1) sin gL)/3]}. (12)

Note, that the Det(d, L) at a finite thickness L does not reach zero value for a real
value of @ for a nonabsorbing CLC however reaches zero alue for a complex value of
. The larger thicknesses L of the CLC layers in the DMS structure (Fig. 1) are the
smaller is the imaginary part of @ and in the limit of infinite value of L it reduces to
zero in the accepted approach. So, the DM is a quasi stable mode and its life time is
determined by the imaginary part of wp.

The solution of the homogeneous Eq. (5) allows one to find the DM field inside
the CLC layers applying the expression (2) for the CLC eigen modes (see Fig. 3). For
example, in an individual CLC layer of DMS (see Fig. 1) the corresponding
expression for the coordinate field amplitude distribution takes the form:

E(wp,z,1) = iexp(—iopt){n, exp(itz/2) sin gz + (n_/d) exp(—itz/2){[(t/2x)*
+(q/x)* — 1]singz — i(tq/K*) cos gz} }, (13)

where wp is the DM frequency, ¢ is determined by Eq. (7), and z =0 corresponds to
the external surface of CLC layer.

4. Thick CLC Layers

In the case of DMS with thick CLC layers (|¢|L >> 1) some analytic results related to
DM can be also obtained. These results may be obtained as well from dispersion Eq.
(12) so from the expressions (10, 11) for DMS transmission and reflection coefficients.

One has to admit a non zero imaginary addition to the frequency (defined, for
example, by the relation w/Re[w]= (1 + iA), where A is a small quantity) and search
for extremes of the Egs. (10, 11) relative to this imaginary addition iA.

One finds analytically the law of the life time 7., grows with the CLC layer thick-
ness increase, i.e., value of A (in the limit |¢|L >> 1) corresponding to divergence of
DMS transmission and reflection coefficients as functions of A, performing expan-
sion of the denominators in Egs. (10, 11) relative the small parameter A.

The corresponding expression for A is given by the formula

A = Aq/ligF (5)], (14)

where Agq is the change of ¢ due to the imaginary addition to the defect mode fre-
quency wp, ensuring divergence of DMS transmission and reflection coefficients.

F(8) = {1 +{1/Q[(x/1)* + 81'*) = (¢/26)} /(1 = [(¢/x)* + 0°]'* + (¢/2x)*)}
and

Agq = (2 /(qtL)] exp|-2|q|L].
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Figure 3. Coordinate dependence of the squared amplitude of the DM field (arbitrary units) at
the DM frequency being at the stop band centre for various dielectric anisotropy values (from
the top to the bottom d =0.05, 0.04, 0.025) and the defect layer thickness d=p/4 for the cho-
lesteric layer thickness L =>50(p/2).

Because the DM life time is 7, = 1 /Imwp the expression (14) reveals an exponen-
tial increase of t,, with increase of the CLC thickness L showing also a strong depen-
dence of the increase rate on the position of DM frequency wp inside the stop band.
For the position of wp just in the middle of the stop band the expression (14) for A
takes the following form

A = —(2/3m)(p/L) exp[-276(L/p)]- (15)

The dependence of the DM lifetime on the position of wp inside the stop-band in
the limit of thick CLC layers (|¢|L >> 1) is shown at the Figure 4, where the results of
calculations according (14) are presented for the frequency range inside the
stop-band where the condition |g|L >> 1 holds.

5. Absorbing LC

Examine now the formulas (10, 11) for absorbing CLC layers. To take into account
the absorption we define the ratio of the dielectric constant imaginary part to the real
part of ¢ as y, i.e., e =¢&o(1 + iy). Note, that in real situations y << 1. A natural conse-
quence of the non zero absorption, i.e., y >0, is reduction of the transmission 7(d)
and reflection R(d) coefficients. However there are some interesting peculiarities of
the optical properties of the structure under consideration (Fig. 1). The calculation
results presented at Figure 5 reveal these peculiarities.

The total absorption (1 — | T(d, L)|* — |R(d, L)|*) demonstrates an unconventional
frequency dependence. At a small y for some frequencies the absorption occurs to be
much more than the absorption out of the stop band (see Fig. 5). If y is not too small
(Fig. 5a, y=0.002) the total absorption increase reveals itself also at the stop band
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Figure 4. DM lifetime (normalized by the time of light flight throw DMS 2Lé,/*/¢) depen-

dence on the DM frequency wp location inside stop-band calculated for thick CLC layers
according Eq. (14) (6 =0.05, N =40, frequency of the middle point of stop-band at the figure
corresponds abscissa value —0.05).

edges (at the frequencies of the stop band edge modes). It is a manifestation of the so
called “anomalously strong absorption effect”” known for perfect CLC layers at the
edge mode frequency [20,23]. For a smaller y (Figs. 5b) the total absorption at the
defect mode frequency wp begins to exceed the absorption out of the stop band and
at the defect mode frequency. In the case of thick CLC layers (]¢|L >> 1) the depen-
dence of y, on L and other parameters ensuring maximal absorption, may be found
analytically:

7= [4/ (L] expl| - 2q|L](1/ig) /{1 + {1/(2[(x/x)* + &]'?)
= (e/26)°}/ (1 = [(e/)° + &' + (¢/20)")}. (16)

At Figure 6 the frequency dependence of y for a thick CLC in the limit of |¢|L > 1 is
presented. The Figure 6 shows that the maximal absorption enhancement occurs just
in the centre of the stop band.

6. Amplifying LC

Examine the formulas (10, 11) for amplifying cholesteric layers. As above, we assume
that the dielectric constant is presented by the same formula ¢ = ¢, (1 + iy), however
with y<0. The calculation results for the transmission |7(d, L)|* and reflection
|R(d, L)|? coefficients at y < 0 are presented at Figure 7 and show that for a relatively
small absolute value of y a divergence of the transmission |7{(d, L)|2 and reflection
|R(d, L)|* coefficients occurs. The corresponding value of 7 may be considered as
close to the threshold value of the gain (y) for the DFB lasing at the defect mode
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Figure 5. Total absorption (1 — R(d) — T(d)) for an absorbing CLC versus the frequency (a)
y=0.002; (b) y=0.0003; d/p=0.1, =0.05, N=33.

frequency. To find this threshold exactly one has to solve numerically the dispersion
Eq. (12).

However, in the case of thick CLC layers (|g|L >> 1) the dependence of the
threshold y on L and other parameters may be found analytically similarly to the
case of absorbing CLC.

For example, if the DM frequency wp is located at the stop band centre the
corresponding interconnection for the threshold gain (y) is given by the formula:

7= —(4/3n)(p/L) exp[-2n(L/p)]. (17)
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Figure 6. y corresponding to a maximal absorption versus the DM frequency wp location
inside stop-band is calculated for thick CLC layers according Eq. (16) (6 =0.05, N =40, fre-
quency of the middle point of stop-band at the figure corresponds the abscissa value —0.05).

7. Calculation Results

The presented above curves obtained analytically for the limiting cases may be com-
pared with numerical calculations performed for the problem parameters corre-
sponding to the typical their values in the experiment. The Figure 8 presents the
calculated values of the DM lifetime as a function of the defect layer thickness
(d/p) at the fixed CLC layers thickness L.

The Figure 9 presents the calculated values of the lasing threshold |y| as a func-
tion of the defect layer thickness (d/p) at the fixed CLC layers thickness L. In the

1200 |
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g
g
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200 |
0t . " n
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Figure 7. 7(d) for an amplifying CLC versus the frequency y=—0.00117; d/p=0.1, § =0.05,
N=33.
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Figure 8. DM lifetime (normalized by the time of light flight throw DMS 2Ls(l)/ 2 /c¢) depen-
dence on the defect layer thickness found numerically for two values of the CLC layers thick-
nesses L. (Figure appears in color online.)

range of the analytical approach applicability the analytical and calculated values are
in a good agreement.

8. Conclusion

The performed in the previous sections analytical description of the defect modes
neglecting the polarization mixing at the boundaries of CLC in the structure under
consideration allows one to reveal clear physical picture of these modes which is
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Figure 9. Lasing threshold at the DM frequency versus the defect layer thickness found
numerically for two values of the CLC layers thicknesses L (6 = 0.05). (Figure appears in color
online.)
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applicable to the defect modes in general. For example, more low lasing threshold
and more strong absorption (under the conditions of anomalously strong absorption
effect) at the defect mode frequency compared to the edge mode frequencies are the
features of any periodic media. Note, that the experimental studies of the lasing
threshold [3] agree with the corresponding theoretical result obtained above.

The defect type considered above is a homogenous layer. The developed
approach is applicable also to a defect of “phase jump” type [2,3,15,16] and so
the corresponding results are practically the same as above. Namely, the equation
related to the case of a “phase jump” defect one gets from the equations presented
above by the substitution in the factor exp(2ikd) instead of 2kd the quantity 2¢,
where 2¢ is the spiral phase jump at the defect plane.

In the conclusion should be stated that the results obtained here for the defect
modes (see also [25]) and in [22,24] for the edge modes) are qualitatively applicable
to the corresponding localized electromagnetic modes in any periodic media and may
be regarded as a useful guide in the studies of the localized modes in general.
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